Let R be an open Riemann surface and P a density on R, that is, a nonnegative Holder continuous function on R which depends on the local parameter z= x+i y in such a way that the partial differential equation for some points wo and wl in R, where G1'(z, w) and GQ(z, w) are Green's functions of R associated with (1.1) and the equation 4u=Qu respectively, then Banach spaces PB(R) and QB(R) are isomorphic.
Let R be an open Riemann surface and P a density on R, that is, a nonnegative Holder continuous function on R which depends on the local parameter z= x+i y in such a way that the partial differential equation H. L. Royden [1] studied the comparison problem of Banach space structures of PB(R) for different choices of densities P on a hyperbolic Riemann surface R and proved the following comparison theorem : If P and Q are non-negative densities on R such that there is a constant c? 1 with
outside some compact subset of R, then the Banach spaces PB(R) and QB(R) are isomorphic. On the other hand, concerning this comparison problem M. Nakai [1] gave a different criterion for PB(R) and QB(R) to be isomorphic and proved the following theorem : If two densities P and Q on R satisfy the condition (1.4) RIP(z) -Q(z)I {GP(z, w1)+GQ(z, w0)}dxdy<+oo for some points wo and wl in R, where G1'(z, w) and GQ(z, w) are Green's functions of R associated with (1.1) and the equation 4u=Qu respectively, then Banach spaces PB(R) and QB(R) are isomorphic.
A. Lahtinen [1] considered the equation (1.1) for densities P which he called acceptable densities.
Acceptable densities can also have negative values, and so, P-harmonic functions do not obey the usual maximum principle. Lahtinen gave generalizations of Nakai's comparison theorem for acceptable densities and also showed, in Lahtinen [2] , that for non-negative densities Royden's condition (1.3) is a special case of Nakai's condition (1.4) . Recently, M. Nakai [4] and M. Glasner [1] gave, simultaneously, a necessary and sufficient condition for the existence of an isomorphism T between P B(R) and Q B(R) such that f -T (f ) is bounded by a potential on R. PX(R) is the space consisting of P-harmonic functions f on R with a certain boundedness property X. As for X we can take D to mean the finiteness of the Dirichlet integral D(f)= of 2+ of 2 dxdy< 00 ~, R ax ay E the finiteness of the energy integral E(f)=D(f)+ Rf2(z)P(z)dxdy<+~, B the finiteness of the supremum norm (1.2), and their non-trivial combinations BD and BE. In the connection with Royden's comparison theorem, Nakai [3] discussed whether the condition (1.3) is also sufficient for PX(R) and QX(R) to be isomorphic for X=D, E, BD and BE, and he actually showed that the answer to this question is affirmative. In this paper we consider the equation (1.1) with PE0 on R, and give a new boundedness property Hp (1p< +°°) to Pharmonic functions so that the space PHp(R), which consists of P-harmonic functions with this boundedness property, may have the comparison theorem. Hardy spaces on Riemann surfaces have been studied by M. Parreau [1] , and in the general context of harmonic spaces by L. L. Naim [1] . The Hardy space for the equation (1.1), which is denoted by PHp(R) in this paper, falls within the framework of Naim [1] . By Naim, a P-harmonic function f belongs to the Hardy space PHp(R) for the equation (1.1), if and only if I f I p has a P-harmonic majorant on R. We denote by p f the smallest P-harmonic majorant of I f Ip on R, and take Hp to mean the finiteness of the expression {-1 ---pf(z)G' (z, w)P(z)dxdy lip, (1.5) II! PII= suPWER 2~ R where G'(z, w) is the Green function of the equation (1.1) on R. Then, we have that, for 1 <_ p < + oo,
In § 2, we show that, for 1 <p < +oo, PHp(R) is a Banach space under the norm (1.5), and, in § 3, that PHp(R) is determined by the behavior of the density P near the ideal boundary of R. In § 4, it is proved that the condition (1.3) is also sufficient for PHp(R) and QHp(R) to be isomorphic. For the properties of P-harmonic functions we refer to Myrberg's fundamental works (Myrberg [1] , [2] ), and for the theory of Green potentials with kernel G"(z, w) to Nakai [2] , § 2. Definition of the Banach spaces PHp(R).
Let R be a connected Riemann surface and let N be the set {0, 1, 2, ...}. By {Rn} nEN we denote an exhaustion of R, which has the following properties : (1) Rn is a regular region, that is, an open set whose closure Rn is compact and whose relative boundary aRn consists of a finite number of closed analytic curves, (2) RncRn+1 for nEN, (3) R=Un oRn. By the solvability of Dirichlet problem on the regular region Rn with continuous boundary values, for any continuous function f on aRn there exists a unique continuous function Pf on Rn such that P f= f on aRn and Pf is a P-harmonic function on Rn. Let zo be a fixed point on Rn. Since the mapping f--*P f(zo) of the space of all finitely continuous functions f on aRn is a non-negative linear functional on this space of functions on aRn, there exists a non-negative Radon measure on FiR,, such that fdpPzo=Pf(zo) for all finitely continuous functions f on aRn. This measure is the P-harmonic measure on aRn relative to z0ER, and Rn. DEFINITION 2.1. A P-harmonic function f on R belongs to the space PHp(R), 1<_ p<+oo, if and only if there exists a constant m(zo) independent of n E N such that } f II n. zo(zo)= I f l pd~n z0
This space PHp(R) has been studied in the general context of harmonic spaces by Lumer-Naim [1] . Hence the results contained therein may be applicable to our studies of the space PHp(R).
For convenience, some results of Naim [1] are quoted in the following.
A P-harmonic function f belongs to the space PHp(R), 1<p<+oo, if and only if I f I P has a P-harmonic majorant on R. By this proposition the definition of PHp(R) is independent of the choice of z0 E R and the particular exhaustion {R,,} of R. Any P-harmonic function f E PHp(R) is the difference of two positive P-harmonic functions in PHp(R), 1p< <+oo, and conversely. For 1 <_ p < +oo, PHp(R) is a Banach space under the norm f IlpP_ p -5UpnEy f Il p,n(zo) This norm equals {p f(zo)} lip, where p f denotes the smallest P-harmonic majorant of I f p in R.
In the theory of PHp(R) we admit the case P=O, but we assume PO on R in the following. The P-Green function for Rn is an extended real valued function GP(RT, z, w) on Rn X Rn such that for each w E Rn, (1) GP(Rn, z, w) is P-harmonic on Rn-{w} ; (2) GP(Rn, z, w)+log I w-zi is bounded in a neighborhood of w ; (3) limz~bG"(Rn, z, w)=0 for every b~aRn. The increasing sequence {G"(Rn, z, w)} converges uniformly on every compact subset of R to a function G"(z, w) which we call the P-Green function on R. G' (z, w) is the smallest function of u(z, w) such that (1) u(z, w) is a non-negative P-harmonic function on R-{w} ; (2) u(z, w)+log (z-wI is bounded in a neighborhood of w. For these and other properties of the P-Green function we refer to Myrberg [1] and [2] . An inequality which is a result of Myrberg [2] is quoted here as it is useful in the following :
for every w E R. Now, we make some preliminaries on P-superharmonic functions. For any disk V on R we have the P-harmonic measure 4) T7 on the boundary a V of V with respect to zE V satisfying If -s is P-superharmonic on S, then s is said to be P-subharmonic on S. For example, if f is P-harmonic on an open set S of R, then I f I p, 1< p<+0°, is P-subharmonic on S, and max(f, 0), -min(f, 0) are P-subharmonic on S. The following well-known fact is called the maximum principle and used repeatedly in proofs in this paper. Let u be a P-subharmonic function on G, and f a P-harmonic function on G with continuous boundary values. If G is a relative compact set of R and lim supz~bu(z)_<limz~bf(z)
for all b E aG, then u < f on G or u = f on G. This principle is a consequence of the general theory on harmonic space. In the case of a continuous P-subharmonic function it is given in Myrberg [3] . DEFINITION 2.2. A P-harmonic function f on a connected Riemann surface R belongs to the space PHp(R),1 <_ p < +oo, if and only if there exists a constant M independent of n E N such that RE {II f p n(z)} pGP(RT, z, w)P(z)dxdy <_M, W E RE , for all nEN.
We shall see that this space PHJ (R) is independent of the exhaustion {RE} of R.
From now on in this section we shall give properties of our space PHp(R) of P-harmonic functions on a connected Riemann surface R. THEOREM 2.1. A P-harmonic function f on R belongs to the space PHJ(R), 1< p«oo, if and only if I f I p has a P-harmonic majorant u on R such that (2.2) Lo(, uGPzw)P(z)dxdy <M for every w E R, where M is a positive constant. PROOF. If such a majorant u does exist on R, then for each n EN II f I p,n(z)-I f I pdpn,z 11p
for all n E N, from which it follows that f is in the space PHp(R). Next, let f E PHp(R). Since the sequence {(l f llp ~)p} nEN of P-harmonic functions is increasing, Definition 2.2 and Harnack's principle imply that (2.3) limn +~ { f ~~ p n(z)} p, z E R, is P-harmonic by Beppo-Levi's theorem, which is denoted by u. The maximum principle gives that Jf(z) p<Plrlp(z)
from which it follows that u is a P-harmonic majorant of f l p on R. Since there exists a constant M independent of n E N such that L { lI f llp n(z)} pGp(Rn, z, w)P(z)dxdy <M, w E Rn , for all n E N, it follows from Beppo-Levi's theorem, that Here, we have, for i=1, 2, R f ti(z)GP(z, w)P(z)dxdy < _ Ru(z)GP(z, w)P(z)dxdy <M«oo, wER, and
where fl and f2 are positive P-harmonic functions in PH1'(R). Let ui be the P-harmonic ma jorant of f ti on R, i=1, 2, such that, for w E R,
Cllf IR dp,z ll4 c f R, zERn,
we have that f E PHQ(R). Moreover, the inequality (2.1) implies that, for all nEN,
And so, we have f E PH(R), that is, PB(R)C PHq(R). Next, we assume that 1p<_ <_ q. From the inequality
Ialp<_1+aIQ
for a real number a, it follows that {Ifllp,n(z)}p_ Iflpd~nz C 1+{ I f q n(z)} 4s and that Rn { f p n(z)} pGp(Rn, z, w)P(z)dxdy
THEOREM 2.4. Any f in PHp(R) is the difference of two positive P-harmonic functions in PHJ (R), and conversely. PROOF. We consider the same functions f i and f 2 on R as that in the proof of Theorem 2.2, that is,
for zER. Since f EPHp(R), there exists a P-harmonic majorant u of I f I p satisfying (2.2) in Theorem 2.1. Then, Holder's inequality gives that, for p and q satisfying 1< p<+oo, 1<q<+00 and 1/p+l/q=1,
that is, f 1(z)<_ <_ u(z) on R. And, similarly, we have f 2(z)p <_ u(z) on R. Then, we complete the proof of the first assertion.
Let f = f 1-f 2i where f 1 and f 2 are positive P-harmonic functions in PHp(R). By Theorem 2.1 there exists P-harmonic majorants u1 and u2 of f1p and f2p on R, respectively, which satisfy the condition (2.2) in Theorem 2.1. Then, the inequality
~2p(ul-~-u2) , and R(u1(z)+u2(z))GP(z, w)P(z)dxdy<M+M for all wER, where M is a constant independent of wER. Therefore, Theorem 2.1 implies f E PHp(R).
Q. E. D. THEOREM 2.5. Let R be a connected Riemann surface on which PEO. And, let
for fERHp(R). Then, for 1< p<+oo, PH'(R) is a Banach space under the norm IIIf I p, fE PHp(R). This norm equals
where p f denotes the smallest P-harmonic majorant of I f p in R.
PROOF. The function u defined by (2.3) in the proof of Theorem 2.1, that is, u(z) =llmn +~{IIfIIp,(z)}p, zER, is the smallest P-harmonic majorant of I f I p in R, since, for any P-harmonic majorant s of If I p in R, we have
which gives u(z)<s(z) on R. By Definition 2.2 and p f=u, Lebesgue's monotone convergence theorem shows that
7c Rn from which the expression (2.5) of III f p follows. Next, we have to show that PHp(R), 1p< <+o0, is a vector space with respect to the usual definitions of addition and scalar multiplication of real numbers, and that the non-negative real valued function (2.4) is a norm on PHp(R). Minkowski's inequality gives that, for f and g in PHp(R), { ll f+g it p n(z)} pGP(Rn, z, w)P(z)dxdy 11 p ] Rn { II f II p n(z)} pGP(Rn, z, w)P(z) dxdy 1l p Rn + {Ilgllp,n(z)} pGP(Rn, z, w)P(z)dxdy 1' p , Rn which implies that f +g E PHp(R) and
Holder's inequality and the inequality (2.1) give that, for p >1,
which is evident for p=1.
Therefore, since
for every positive integer k, Lebesgue's monotone convergence theorem implies that the series
converges almost everywhere on the support of P. Let zo be a point of the support of the density P at which (2.6) converges. Then, from the inequality
for k<1, it follows that the sequence { f j (i)} is a Cauchy sequence in PHp(R), for the series (2.6) converges at zo. So, there exists a function f in PHp(R) such that limi-+~Ilfj(i)-f IIp=O, which implies that the sequence { f j(i)} converges, uniformly on every compact subset of R, to f (L. L. Naim [1] ). We now have to prove that f is contained in PHp(R) and
Fatou's lemma gives that
Ill f-fjcc) Ilp<1/2i-1.
We can conclude from this inequality that is in PHp(R). Hence, f is in PHp(R), since 
where p(f I Wk), 1<_k<_K, denotes the smallest P-harmonic majorant of If I Wk i p on Wk and zk, L<k<_K, is a point in Wk.
PROOF. This is clear by the preceding lemma. Q. E. D. In the following of this section we consider the relation between two Banach spaces PHp(R) and PHp(R) under the assumption that the density P vanishes outside a compact subset of the connected Riemann surface R. LEMMA 2.7. I f the density P vanishes outside a compact subset o f R, then PHp(R)=PHp(R) and there exists a positive constant C such that for sufficiently large i E N, and so, f (z) I =11m1 +, I fn(i)(z) cw(z), zEGknWk .
This shows that limz~b f (z)=0 for all b E aW k, that is, if we extend f on aW k so that f(b)=O for b E aW k, then f belongs to PHp(W ; SW), which complets the proof.
Q. E. D. LEMMA 3.2. Let f be in PHp(W ; 6W). Then, the smallest P-harmonic majorant p f of f p has a continuous extension to W whose restriction to aW vanishes.
PROOF. It is sufficient to prove only that p f I W k have this property. The sequence {(II f I Wk II , (z))p}, which is a monotone increasing sequence of P-harmonic functions on RnnWk, converges to p f I Wk. Harnack's principle implies that the convergence is locally uniform in Wk. Let Gk be the same subset of R as that in Theorem 3.1, and let w be the P-harmonic function on GkfWk which have a continuous extension to the closure of GknW k such that w 0W O and w I dGk=1. Then, by the same way as that in the proof of Theorem 3.1, we can show that { I f I W k11 p n(z)} PCi3kw(z), zE WknGk, for sufficiently large n E N, where j3k_supzEaGk(1Wk pf(z) Therefore, pf I W k(z)cJ3kw(z), z E WkfGk, which implies the conclusion. Q. E. D. In Rodin and Sario [1] they discussed the problem of finding on a given harmonic space a harmonic function which imitates the behavior of a given harmonic function on a neighborhood of the ideal boundary of the harmonic space. We quote from Chapter VII of Rodin and Sario [1] the method of finding a P-harmonic function which imitates the behavior of a given P-harmonic function on a neighborhood of the ideal boundary of the connected Riemann surface R. This problem of finding such a P-harmonic function on R can be stated as the following : Given a continuous function f on the closure W of W which is P-harmonic on W, find a P-harmonic function F on R with supZEWIF(z)-f(z)I < +o0, where W is a neighborhood of the ideal boundary of R : in particular, an open subset of R whose complement is a regular region of R.
Let {Rn} be an exhaustion of R with 0Rnc(W-6W). Then, we can find a unique continuous function B(f) on the closure of Rnn(W-0W) which is P-harmonic on Rnn(W-dW) and which takes the boundary values f and 0 on the boundaries aW and aRn, respectively. Since limn ,~ Bn(f) exists, an operator f--B(f) from the space of all continuous functions on aW into the space of continuous functions on W which is P-harmonic on W-aW is defined by
The operator B has the following properties : By reformulation this theorem we obtain the complete solution of the above problem.
To show that the Banach spaces PHp(R) and PHp(W ; aW) are isomorphic we define an operator AW as follows. Let P(R) be the space of all P-harmonic function on R. And, consider the linear space P(W ; aW) of continuous functions on W which are P-harmonic on W and whose restriction to aW vanish constantly. To see that the operator aP is well-defined for such a f in P(W ; SW), let f=fi-f2, f~ E P(W ; a W), f %O, 0, i=1,2.
We can find, by the existence theorem of the principal function problem, Pharmonic functions F1, F2 defined on R satisfying sup2 W J Fi(z)-fi(z) I <+0°, i1,2.
These supremums are denoted by m 1 and m2, respectively. Since
for every nEN and the sequences {Pr,} and {Pf2} are monotone increasing sequences of P-harmonic functions, the limn+~Pf~ (i=1, 2) is a P-harmonic function by Harnak's theorem. Therefore, we have lim~~+~P f=limn+~P fl-limn.+~P f2 , that is, W(f) is well-defined for any difference f = f 1-f 2 of two non-negative functions in P(W ; aW) and is a P-harmonic function on R. This operator AW is referred to as the canonical extension, and was defined by Nakai [3] on the smaller domain than that of our definition. The domain in his definition was the class PB(W; 8W) of bounded continuous functions on W P-harmonic on W and vanishing on 0W.
Since the P-Green function G"(z, W) is strictly positive, symmetric and continuous on R X R and is finite unless z=w, G' (z, w) is taken as a kernel in the sense of potential theory. If p is a measure on R and
GP(z, p)= ~GP(z, w)d p(w)
is P-superharmonic on R, then GP(z, p) is called the P-Green potential of p. The P-Green potentials are quite similar to the harmonic Green potentials. Since the potential theoretic method is a powerful tool for the study of the operator AP and is extensively used in this section, we list some important potential theoretic principles in the following. The theory of P-Green potentials is developed in Nakai [2] .
FROSTMAN's MAXIMUM PRINCIPL. If the inequality G"(z, ,u) <_ 1 holds on the compact support S ,~ of p, then the same inequality holds on the whole space R.
EEQUILIBRIUM PRINCIPLE. For an arbitrary compact subset K of R there always exists a unique measure called equilibrium measure of K satisfying S,CK and GP(z, ,u)=1 on K except for a subset of OK of capacity zero and G"(z, p) <_ l on R.
To show that the range 2W(PHp(W ; OW)) of 2W is contained in PHp(R), we shall prepare three lemmas.
LEMMA 3.3. Let S and T be open subsets of R and H a non-negative function on S X T. I f (a) for each w E T, H(. , w) is continuous on S, (b) for each z E S, H(z, .) is P-harmonic on T and (c)
h(w)= SH(z, w)dp(z)< +oo for each w E T, then h is P-harmonic on T.
PROOF. It can be shown that H(z, w) is a non-negative measurable function on S X T to which Fubini's theorem can be applied. Then, for any disk
where pwV is the P-harmonic measure with respect to V and iv E V. This shows that h is P-harmonic on T.
Q. E. D. The following lemma gives a relation between P-Green's potentials for different regions, when one is a subset of the other. For the harmonic case, this fact is stated in Helmes [1] . So we only restate it for our case.
LEMMA 3.4. Let S and T be regular regions such that SDT, and let p be a measure on S such that ,u(S-T) =0 and G'(S, z, p) is a finite P-Green's potential. Then, there is a non-negative P-harmonic function h on T which satisfies G"(S, z, p)=GP(T, z, p T)+h(z)
on T, where p T is the restriction of p on T and G"(S, z, w) is the P-Green's function of S.
PROOF. For z, w T with z ~ w, let H(z, w)=G'(S, z, w)-G"(T, z, w),
which is positive. Then, for each z E T, H(z, w) is a P-harmonic function on T, since z is a removable singular point, and so, H(z,.) is a continuous function for each z E T. Also, H( w) is a P-harmonic function for each w E T, for H(z, w) is symmetric. Since G'(S, z, p)>_GP(T, z, p I T) on T by G'(S, z, w)>_ G"(T, z, w) on T x T, GP(S, z, p)-GP(T, z, p I T)= ~H(z, w)dp(w)< +~ , where the last integral is a P-harmonic function on T by the preceding lemma. Q.E.D. Let W be an open subset of R whose complement is a regular region. We yVL+2~ , , , assume that P O on W1, W2, • • , W', where K
is the decomposition of W into connected components W1, W2, ... , WK. LEMMA 3.5. I f a nonnegative P-harmonic function f in P(W ; aW) satisfies that, for every i, 1<i<_L, supWEw wi f I Wi(z)Gp(Wti, z, w)P(z)dxdy<+~ , then SupwER R2P(f)(z)GP(z, w)P(z)dxdy<+00 .
PROOF. Let {Rn} be an exhaustion of R such that aR0C W. Then, since the sequence {Pf} converges increasingly to AW(f) on R, the maximum principle gives that Pf<_maxAP(f)+f on Rn~W1 for each nEN.
Therefore, for 1<i<_L,
Rn flW 2~r X maxaw~W(f)+supwEwi wi f (z)GP(W i, z, w)P(z)dxdy <+00. Let Since, by (3.3) and (3.4), the Lebesgue'smonotone convergence theorem implies that
the Frostman's maximum principle shows that the inequality ~w(f)(z)GP(z, w)P(z)dxdy (R-Ro)nwi holds on R, for the support of the measure of the P-Green potential 2w(f)(z)GP(z, w)P(z)dxdy (R-R0) nWz is contained in Wi. Therefore, we have
for every w E R, which completes the proof. E. D. THEOREM 3.6. 2P (PHp(W ; aW ))C PHp(R), 1 < p < + oo. PROOF. Let f be in PHp(W; aW). Theorem 2.5 states that the P-harmonic majorant p(f i Wt) of I fI Wi l p on Wi satisfies Let {Rn} be an exhaustion such that RODaW. For a given function g on W, let gn be a function defined on aRn`JaW such that gn I aW=O and gn I aRn=g.
If g is a non-negative P-harmonic function on R, the sequence {PgnnW} is a monotone decreasing sequence of P-harmonic functions. Then, lim ~ PRnnW n + gn exists and is a P-harmonic function on R. Now, if g is the difference of two non-negative P-harmonic functions, then we can define an operator pP, which was referred to as the canonical restriction by Nakai ([3] , [4] ), as follows : DEFINITION 3.3. For g~P(R) which is the difference of two non-negative P-harmonic functions on R, P Cg)=limn+PgnnW. on W, that is, pg 1 W is a P-harmonic ma jorant of ,uP (g) I p on TV. Furthermore, Theorem 2.5 shows that sup WER Rpg(z)GP(z, w)P(z)dxdy< +00, which implies, by Theorem 2.1, that e4W (g) E PHp(W) for every g in PHp(R). And, it is shown that e4 (g) has a continuous extension to the closure W of W whose restriction to aW vanishes. That is, pP(g)EPHp(W; SW). Q. E. D. A P-potential on R is a non-negative P-superharmonic function on R whose greatest P-harmonic minorant is non-positive. As in the case of classical Green potentials, we can show that any P-harmonic minorant of a P-Green potential is non-positive. Then, a P-Green potential is a P-potential. It is useful to modify a terminology and a lemma which was stated in Nakai L3]. A function f on R will be referred to as a quasi P-potential if 1 f 1 is majoranted by a P-potential. LEMMA 3.9. I f f is a continuous quasi P-potential such that -f I is Psuperharmonic on R, then f=0 on R.
PROOF. Assume that I f I is majorated by a P-potential p. Since O~IfI C PRn C PRn from limn+~Ppn=O it follows that f=0 on R.
Q. E. D. THEOREM 3.10. 2W o14w is the identity mapping on PHp(R). PROOF. For f E PHp(R), let f, and f,' be functions on aRnUaW such that fn aRn=f, fn I aW=O and fn'IaRn=O, fnlaW=f.
If f>_O on R, by the equilibrium principle, there exists a P-Green potential GP(z, i) such that GP(z, a) supR-Wf, z R,
and the support of p is contained in R-W. Since
for every nEN, it follows that
which shows that the function f-4(f) is a quasi P-potential on W. Next, let g=AW o1 (f ), which is contained in PHp(R). By ,JP( f)-)P °pPCj)-f1PCg) g, the above discussion shows that the function
is also a quasi P-potential for a non-negative function f in PHp(R). Therefore, from
the P-harmonic function f -A°(f) °,uP (f) is a quasi P-potential on W, which shows that f=2'°4(f) by Lemma 3.9. And, it is evident that this equality holds for any f in PHJ(R), since 2W and 4 are linear.
Q. E. D. PROOF. Since a sequence {fn} of Q-harmonic functions on a domain U of R such that I fm l <iVI < +oo has a subsequence which converges uniformly on each compact subset of U to a Q-harmonic function on R (refer to Myrberg [1] ), it is sufficient to show that the sequence {T PQ(f )} of Q-harmonic functions is uniformly bounded on a neighborhood V of any w E R. Lemma 4. Q.E.D. LEMMA 4.6. Let P and Q be densities on R which are not identically zero, and assume that there exists a constant c>_ 1 satisfying the inequality (4.1) on R. If f is in PHp(R) (1p< +°°), then TpQ(f) is contained in the space QHp(R).
PROOF. From Theorem 2.3, it follows that a function fin PHp(R) satisfies the condition in Theorem 4.2, that is, TpQ(f) is defined for f in PHp(R). Also, TpQ(f) f) is defined by Theorem 2.5.
Since it is evident that R By Definition 4.1, this integral equals to
The first term of (4. LEMMA 4.7. Let P and Q be densities which are not identically zero on the connected Riemann surface R. I f there exists a constant c>_ 1 satisfying the inequality (4.1) on R, then TPQ is a bounded linear transformation from PHp(R) into QHp(R), and TQP is a bounded linear transformation from QHp(R) into PHp(R).
PROOF. Since Lemma 4.6 shows that TPQ(f) is well-defined and is contained in the space QHp(R) for every f E PHp(R), it is clear that TPQ is a linear mapping of PHp(R) into QHp(R).
Since TPQ(p f) is a Q-harmonic majorant of I TPQ(f) I p on R (this was shown in the proof of Lemma 4.6), by (4.10) in the proof of Lemma 4.6 and on R for f E PHp(R). On the other hand, the maximum principle shows, by Lemma 4.3, that TQP°TPQ(f)=f on Rn, for every n E N, and so, TQP°TPQ(f)=f on R, for any f E PHp(R).
By changing the roles of P and Q we have also that TPQ ° T QP(g)=g on R, for gEQHp(R).
Q. E. D. THEOREM 4.9. Under the same assumption as that in Lemma 4.8, TPQ is an isomorphism between PHJ(R) and QHp(R). And, TQP is the inverse of TPQ.
PROOF. This follows from Lemma 4.7 and 4.8. Q. E. D. Now, let R be a disconnected Riemann surface, and let K R= U Wk k=1 be the decomposition of R into connected components W k, k=1, 2, ... , K, of R. If the densities satisfy the relation By changing the roles of P and Q we define also T QP(g) for g E Q Hp(R). THEOREM 4.10. Let R be a Riemann surface which may be disconnected, and assume (4.12). Then, TPQ is an isomorphism between PHp(R) and QHJ(R). And, T QP is the inverse o f TPQ.
PROOF. Lemma 4.9 gives this theorem. Q. E. D. Let R be a connected hyperbolic Riemann surface and let P and Q be two densities on R. In the following, we prove the order comparison theorem : If there exists a constant c>-1 such that (4.13) c-1Q<_P<_cQ
on R except possibly for a compact subset K of R, then PHJ (R) and QHJ (R) are isomorphic. Let W be an open subset of R such that R-WDK and R-W is a regular region. Then, since (4.13) is valid on the whole W, which may be considered a Riemann surface, Lemma 4.10 states that there is the isomorphism between PHJ(W) and QHp(W), which is denoted by T Q in the following. Q. E. D.
